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Teohulcal  InTomatlon  Oflloer 


ARSTMCT 


Four  naturnl  notionn  of  obnervability  are  comparerl 
in  the  case  of  ayrten's  fiescribed  ly  (jolynomial 
'ifference  equations.  Ttie  main  result  states  that, 
for  a system  having  the  standard  property  of 
(multiple-experiment  initial-state)  observability, 
the  response  to  almost  any  (long-enough)  input 
sequence  is  sufficient  for  final-state  iletermination. 


f 


1.  PEFTNITIONr,  /'NP  ITOPrj'M  PTATTOKTr 


i 


'.•Je  'leal  in  thin  paper  with  dincrete-time  finite-dimenpional  nonlinear 
pynte'nr  whore  nexl-rtr be  and  output  maps  are  polynomial  functions  of  previous 
states  a n i i nput  s : 


x(ttd  ) = P(x(t),u(t)) 

y(t)  = h(x(t)),  t=  0,1,^^, . . .. 


v/he7-e  u(t).  x(t),  y(t)  helonp  to  alfrebraic  sets  H,  X,  Y over  an  arbitrary 
IiXf'd  infinite  field  k.  and  where  P;X*U  .X  an'l  h:X  - 'Y  are  polynomial 

maps.  (An  alrebr-alc  set  is  a set,  in  some  affine  space  defined  by  polynomial 

eqTiations  j0.(x^,  . . . , x^ ) 0 {.)  We  assume  ttiat  LI  is  irreducible,  i.e.  U 

cannot  be  expressed  as  a union  of  two  proper  alRebraic  subsets.  (This  last 

restriction  is  made  purely  for  technical  convenience;  note  that,  in  particular, 
any  affine  space  U - k''^  is  irreducible.) 


Puch  E were  cp  lied  polynomial  systems  in  PONTAG  and  ROUCIiALEAUf  197';'' . where 
various  properties  were  studied  usinR  elementary  algebraic-peometric  tools; 
all  the  alr.ebraic-peometric  concepts  needed  for  thin  paper  are  summarized  in 
that  reference. 


Denotinp:  tlie  extension  of  P to  input  sequences  also  by  PrXicU*  ^X,ffor 
the  empty  sequence  e,  P(x,  e)  = x, ' we  can  give  the  following 

(l.l)  DEP’IMTTTONR . A polynomial  system  L is: 

(a)  observable  iff  for  each  pair  of  distinct  states  x,  z in  X there 
exists  an  input  sequence  w in  U*  such  that 

h(P(x,w))  4 h(P(z,w)). 

(one  says  that  w distinguishes  between  x and  z. ) 

(b)  single- experiment  observable  iff  there  is  come  r 0 and  some 
(fixed)  input  sequence  w = (u^,  ...,  u^)  such  that  for  any  x f z in  X, 

h(P(x,u^,  . . .,u^))  h(P(z,u^,  ..  .,u^)) 

for  some  ^ 1 l. 

(c)  final -state  detenninable  iff  there  is  some  r ^ 0 and  some  (fixed) 
input  sequence  w - (u^,  ...,  u^)  such  that 


A 


•A 


5 


( ** ) for  ;.nir  of  ntntor.  x,  z In  X,  eitlier 

h(P(x,Uj u^))  1*  h(  P(z,u^, . . . ,u^ ) ) for  some 

0 t ^ r or  f'(x.w)  = P(z,w). 

('])  final-state  determijnable  by  generic  inputs  iff  there  is  some  r > 0 
and  a prf.'per  alpebraic  .set  F 'd'.  sucli  that  ( *> ) holds  for  each  w not  in  V. 


V/e  wish  to  prove  that  the  foliowinR  are  precisely  the  implications  that  hold: 
(1.2)  (b)  a^(a)  »^(d)  i^(c). 


Vie  show  below,  via  counterexamples  (l.’;),(l.H)  and  (!.'  ) respectively, 

that  (a)j^(b).  (d)y^(a)  and  (o)^d),  while  Tlieorem  (2.h)  shows  that  (a)s^d'). 


(l.’i)  EXAMPIiF.  has  X:=  k'^ , U=Y:=  k and  equations 

x^(t+l)  = 0^ 

x^Ct+l)  = x^(t)(u(t)  - x^(t)) 
y(t)  = x^(t). 


is  not  difficult  to  verify  that  is  observable,  in  fact  even  algebraically 

servable  in  the  sense  of  GOIffAG  and  R0UCHALFJ\ur  197Sl . But  no  single  sequence 
w serves  to  distinguish  every  pair  of  initial  states:  let  w = (u,w' ),  with 
u in  U;  if  u -•  0 then  and  are  not  distinguished  by  w,  while 

is  indistinguisnable  from  . 


if  u ^ 0 then 


(l.lt)  FYMVIF..  has  X -■  Y :-  k,  U arbitrary,  and  equations 

X(t  + 1)  r:  0 

y(t)  - 0 . 

Clearly  .7^  Is  not  observable,  although  (d)  holds  trivially  with  F=empty,  r = 1. 

(!.'  ) RXAMPIiE.  has  X = U - Y :-  k and  equations 

x(t+l)  - x(t)u(t) 
y(t)  = 0 . 

The  sequence  (of  length  one)  w --  0 solves  the  final-state  determination 
problem.  Comparing  any  nonzero  state  x with  the  zero  state  shows  that 
any  sequence  solving  the  final-state  determination  problem  must  have  at 
least  one  nonzero  component,  so  no  proper  set  F as  in  (d)  can  exist. 


ir>M.  (i)  'J  t,i'  Ui'i1  (a)  is  the  ilefiniti<jn  of  obscrvalii  lity  stan  iar  1 
in  syfirt’’  ihoot-^,-.  aivl  that,  trivially,  (b)  implies  (a)  an  1 (l)  implies  (n). 

P>-ope>-ty  (e)  assurer,  the  existence  of  an  input  sequence  w suc!i  that,  in'leperi'lently 
of  the  initial  state  x(0),  the  final  state  x(t’)  can  he  .letern’inei  from  the 

output  data  y(0) y(r).  On  tiie  other  hand,  (l)  niarantees  that  s'ch  a 

fletermination  is  theoretically  fiossihle  with  essentially  any  Innr-enourh  input 
sequence,  i ,e.  in  real-time  system  operation.  'Of  course,  this  )eter":ination 
is  only  insured  in  principle,  and  effective  alf^orithmr  inveidinp  the  p af> 

(y(0) y(i'))i  > x(r)  must  still  he  developed  prior  to  practical  applications 

to  nonlinear  filterinp  problems.' 

(ii)  For  linear  systems,  (a)  is  equivalent  to  (h)  an  I (c)  is  equivalent 
to  (d):  see  lOiriWri.  FAIJl  and  ARPTP' loF.a,  rhapters  P and  iO  . 

(iii)  The  notions  correspondinr  to  (a).(b)  and  (ei  have  been  stuiiel  in 

preat  detail  for  finite  automata,  berinninp  with  MOOKK' 1 > • ; see  OT^J/  10'.' 

or  COM.'.’AY' 19'i"l ' • In  the  automata^  literature  one  calls  (a)  a "diapnoslnp"  and 
(c)  a "homing"  p»’oblem,  and  one  has  preci.sely  the  implications  (i)''^(a)^(c ) . 
r The  automata  case  takes  care  of  polynionial  systems  over  a finite 

field  k;  this  allows  us  to  restrict  attention  to  infinite  k.  with  the 
notational  advantape  of  allowinp  identification  of  fmlyriomials  and  polynomial 
functions.'  Finiteness  of  the  state  set  is  crucial  in  the  aiqnuaents  involve) 
in  the  automata  results,  but  thf're  appears  to  be  no  way  of  peneralizinp  such 
arpunents  throuph  a replacement  of  finiteness  by  fitvite-dimenslonality;  it 
can  be  shown,  for  instance,  that  in  the  context  of  systems  defined  by  analytic 
(rather  than  polyn"mial)  equations,  (a)  does  no  lonper  imply  (c).  say  over 
k - reals.  Thus,  one  needs  to  develop  completely  new  arpiiments  here. 

(iv)  For  continuous-time  systems,  time-reversibil ity  of  differential 
equations  implies  that  (b)  is  equivalent  to  (c);  this  helps  perhaps  to  understand 
intuitively  why  (a),(b),(c)  may  be  equivalent  in  that  context,  as  shown  recently 
by  GRAfSELLI  and  IGIDORII 1077 ' for  the  case  of  i .iternally-bii inear  continuous-time 
sy.stems . 


ri.'ooK  oi'  T'lK  ri'inj  kk,:iii,t 


{(  .1)  l''iir  miy  pc' lyir 'I'li  r' I c.y:  l,i'tn  " llii'r'c  nn  r 0 

.-itH  n pi-ipo"  .-1  nc't,  I’C  k’  r.uch  ilmt.,  I'oi-  I'vcry  w - (ii^.  u ) 

not,  ill  F.  anil  (’o'"  any  x.  z in  X. 

ti(l’(x,U| \)|  ))  )i(l’(z.nj "(  ))’  ••  f’ 

i"  pl  i <'P 

I ' ( X , w ) :l r.  i n il;; (,  j iif:!!  ir,li?i  t'  1 fynn  P(  z , w ) . 

PROOF.  Oinrc'  Y fot’  romp  inhpf'py  p rinR  .rincp  n union  of  proper 

n 1 i(-  .'^nty^ot  r of  H*  ir  nfc'iin  n proper  nlf'obfiio  rubret,  ib  is  nxifficient 

<o  p'^ovo  Mil'  with  Y ■ k. 

I'Ot  r.  O tio  .nucti  n*iy  pa  ir  of  'i  i rl.iniTii  i nhn.b  I e .nPnt.e.n  ir  airea'ly 

<1  i rtinp"  i rlu"'i  Ry  inpnbr  of  lonri.b  ■'  .n  (fOiri'ACF  atvl  ROUCUAfKAI'l  loy..  Corollary 
For  aiiy  alreRrair  .ret  Z.  f'et  A(z)  denote  the  alfrebra  of  polynomial 
funptionr;  on  Z.  lot  0 be  the  direct  limit  of  the  requence  of  k-algebras 

A(1I)  ....  'A(ir')  'A(u’’'^)  ' 


wlir'ro 

A(U)  > A(u'''  ' )-^  A(U*^)0A(U):  f(>f«l. 

I.et  K be  the  qtiotient  field  of  D (which  is  an  integral  domain  because 
U is  irreducible). 

Since  Y = k,  a polynomial  map  X n X x ->Y  is  an  element  of 
A (X y X)©  A(U^ ) ; in  particular  the  functions  h^  defined  by 

h^(XyZFUj^  . • .jU^);=:  h(P(x,u^j  • • u^ ))  - h(P(zjU^,.,.,  u^ ) ) 

are  in  A(X  /X)'»K.  The  latter  is  a finitely  generated  algebra  over  the  field 
hence  Noetherian.  Thus  there  is  some  integer  r such  that  all  h^  are  in 
the  ideal  of  A(XxX)CK  generated  by  h^,  h^.  In  particular,  there  are 

therefore  equations 

r 

(2.2)  = XI 

t=0 


V.5l ). 


K. 


/ 

j 


■I  non7;pro  of  D.  flince  D 


•’ith  'til  ri  in  /'(X  - X)"'  I)  nnil  o 
ir  1 1)0  union  of  t.lio  A(u  ),  tJi'-ro  ir  rio'no  intof^or  q r.ucti 
•i»v>  in  A ( X )>  X ) A (li ' ) .ml  o i r.  in  A(i/*).  Vlit.liout  los 
.nh.n  1 1 .nr.nu."io  tlmt  q r 4 n. 

Definp  tho  proper  alnehraio  set 


tli^t  all  a.. 

•)t 

of  renerality, 


we 


F:  = I (ii^ , . . . , u^)  In 

f'lalm:  !•'  satis ''i«^s 

w - is  not  in 

h(  P(?.,  , . . . , 11^  ) ) for  all 


ii^  such  that  c(ui,...,u  )=0  for  all  (u  ,, 

1’  r q ' nl 

the  requirements  of  the  lemma.  Tti'leeti,  assume  that 
F.  Take  x,  z in  X such  that  h( P( x, u^, . . . , u^ ) ) 
t = 0.  . . . , r,  i.e. , 


u 

q 


(2.-'.)  h^(x,z,u^  , . . , ,u^  ) =0,  t = 0 r. 

Denote  x:-  ^(x.w),  z:-P(z,w).  It  must  he  prove!  that  x.  z are  iP'listinRuishable. 

Assume  that  x,  z are  distinpiuiphe!  by  an  input  sequence  v,  which  can 
be  taken  of  lenprt.h  j,  0 .1  _ s by  definition  of  s.  let 


in  U’*  such  that 


this  is  a.'i  alpebraic  net,  proper  because  v is  not  in  F.|  . let 

^p'=  I w in  U'^  such  that  c(w,w,w' ) -0  for  all  w'  in  ‘ j ; 

this  is  also  an  alpebraic  set,  and  it  is  proper  because  v was  taken  not  in  F^. 

It  follows  that  F^UF^  is  also  a proper  alpeliraic  set.  let  then  w 
be  in  neither  F,  nor  F . Tlien  c(w,w,w' ) ^ 0 for  some  w',  so 

J-  t.  — 


(P.’i)  c(w,w,w' )h^^^(x,z,w,w)  t 0. 

Put  (2.2),  (2.3)  and  {V-.h)  taken  topeMier  are  contradictory. 

) THKORFM.  Observability  implies,  for  polynomial  sy.stems,  final-state 
determinability  with  peneric  inputs , 

PROOF.  Immediate  from  the  lemma. 


(2.e)  RFIIARK.  As  shown  in  f'ONTAGf  197^1 1 , canonical  realizations  of  polynomial 

response  maps  are  not,  in  peneral,  polynomial  systems,  fo  the  Theorem  above  is  not 
applicable  directly  (A(X^)  Is  not  Noetherian).  However,  if  f admits  a polynomial 


•'PTliration  then  the  reachable  states  of  form  a set  which  is  a 

quotient  of  t!ie  reachable  states  of  Tlien  lemma  can  be  applied  to  Z, 

implying  that  the  reachable  part  of  does  satisfy  (b\y). 
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